We investigate the superconductivity (SC) driven by correlation effects in electron-doped bilayer BiH near a type-II van Hove singularity (vHS). By functional renormalization group, we find triplet p-wave pairing prevails in the interaction parameter space, except for spin density wave (SDW) closer to the vHS or when the interaction is too strong. Because of the large atomic spin-orbital coupling (SOC), the p-wave pairing occurs between equal-spin electrons, and is chiral and two-fold degenerate. The chiral state supports in-gap edge states, even though the low energy bands in the SC state are topologically trivial. The absence of mirror symmetry allows Rashba SOC that couples unequal spins, but we find its effect is of very high order, and can only drive the chiral p-wave into helical p-wave deep in the SC state. Interestingly, there is a six-fold degeneracy in the helical states, reflected by the relative phase angle θ = nπ/3 (for integer n) between the spin components of the helical pairing function. The phase angle is shown to be stable in the vortex state.
I. INTRODUCTION
There are much interest in the search for triplet superconductivity (SC), with the hope that a p-wave triplet superconductor may host Majorana zero modes in vortices 1,2 and hence could serve as the platform for topological quantum computing. 2, 3 Usually, triplet pairing is related to spin fluctuations at small wavevector (or long wavelength). Such fluctuations are enhanced when the Fermi level is close to a van Hove singularity (vHS), or when Fermi pockets are close to each other in the momentum space. [4] [5] [6] However, if the vHS is on the zone boundary, as in the case of Sr 2 RuO 4 , the vH momenta are time-reversal invariant up to a reciprocal vector. Such a vHS is classified as of type-I. 7 In this case, triplet Cooper pairing on opposite vH momenta is forbidden by Pauli exclusion. To get around this destructive effect, a recent proposal is to look for systems with type-II vHS, where vH momenta are not time-reversal invariant. 7 BC 3 is such a material, and theoretical study implies that p-wave pairing is likely near the vHS, 4, 7 although the transition temperature is sizable only if the local bare interaction is moderately large. 4 The other material that has a type-II vHS is the bilayer BiH. In the absence of doping, the material is a quantum spin-Hall insulator with a large indirect band gap. 8, 9 . Electron doping drives the Fermi level toward the type-II vHS. Hatree-Fock mean field theory shows that triplet pairing could be stabilized even by small electron doping of the insulating compound, with a small electron pocket around the zone center and a Fermi level relatively far from the type-II vHS. 10 However, the mean field coupling constant is about λ ∼ 10 −2 , implying a tiny transition temperature according to T c ∝ e −1/λ . This motivates us to consider filling levels near the type-II vHS (realizable by higher electron doping). With enhanced density of states (DOS) near the vHS, the system becomes more susceptible to instabilities under interactions. On the other hand, fluctuations in the particle-particle (pp) and particle-hole (ph) channels are intertwined. To gain a better estimate of the transition temperature, it is necessary to treat the pp and ph channels on equal footing. For this purpose we resort to the singular-mode functional renormalization group (SM-FRG), which has been applied in various contexts, 5, 6, [11] [12] [13] [14] [15] [16] [17] and is particularly useful in the presence of SOC, which is significant in BiH because of the heavy Bi element.
The main results are as follows. By SM-FRG we find local triplet p-wave pairing prevails in the interaction parameter space, except for spin density wave (SDW) closer to the vHS or when the interaction is too strong. The typical SC T c is 0.1 ∼ 1 meV near the phase boundary between SC and SDW. The p-wave pairing is between equal-spin electrons, with a sign change between the two sublattices, and is chiral and two-fold degenerate. The chiral state supports in-gap edge states, but interestingly the two low energy bands in the SC state are topologically trivial. The Rashba SOC, from the absence of mirror symmetry, can couple unequal spins, but its effect is so weak that it can only drive the chiral p-wave into helical p-wave deep in the SC state. The helical states are six-fold degenerate in terms of the relative phase angle between the two components in the helical pairing function, and is shown to be stable even in the vortex state.
The rest of this paper is organized as follows. We specify the model in Sec.II, followed by the SM-FRG in Sec.III to find the favorable pairing function and typical transition temperature. We then discuss in Sec.IV the topological property of the chiral p-wave SC revealed by SM-FRG, and discuss the helical p-wave SC under a Rashba SOC in Sec.V. Finally, Sec. VI contains a summary of this work and some perspective remarks. 
II. MODEL
The structure of the bilayer BiH is shown in the inset of Fig.1(a) . The bismuth atoms are located on a slightly buckled honeycomb lattice, with sublattice A and B hydrogenated from above and below, respectively. According to first principle calculation, [8] [9] [10] the band electrons near the Fermi level are mainly derived from the x-and y-orbitals of Bi. A corresponding tight-binding model can be written as [8] [9] [10] 18 ,
Here µ is the chemical potential, and λ the atomic spinorbital coupling. The spinor ψ i = (c ix↑ , c iy↑ , c ix↓ , c iy↓ ) t , where c iασ annihilates an electron at site i with orbital α ∈ (x, y) and spin σ ∈ (↑, ↓). The Pauli matrices τ and σ act in the orbital and spin basis, respectively. The vector b (of both signs) connects two sites, associated with the hopping matrix (in orbital basis) defined by the elements 
where the subscripts 1 and 2 refer to the first and second neighbor bonds, respectively. The band dispersion near the vHS along high-symmetry cuts is shown in the main panel of Fig.1(a) , and the corresponding DOS is shown in (b). Notice that each band is two-fold degenerate by time-reversal (TR) invariance of H 0 and the local nature of the atomic SOC. It is seen that the vHS is located between G and K, hence is of type-II. Notice the material has S 6 symmetry (about the center of the holo hexagon), but in the above two-dimensional (2d) model, inversion alone is also a symmetry. This symmetry makes parity a good quantum number, and dictates (p x , p y ) to be a doublet representation. We consider the following local interactions,
Here
is the Hund's rule coupling (pair hopping), and finally V is the Coulomb interaction on nearest-neighbor bonds. We use the Kanomori relations U = U + 2J H and J H = J P to reduce the number of independent interaction parameters. Furthermore, J H /U ∼ 0.4 according to the first principle calculation.
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III. SM-FRG
The interactions can lead to competing collective fluctuations in particle-hole (ph) and particle-particle (pp) channels, which we handle by SM-FRG. The idea of FRG 20 is to obtain the one-particle-irreducible 4-point interaction vertices Γ 1234 (where numerical index labels single-particle state) for quasi-particles above a running infrared energy cut off Λ (which we take as the lower limit of the continuous Matsubara frequency). Starting from Λ = ∞ where Γ is specified by the bare parameters in H I , the contribution to the flow (toward decreasing Λ) of the vertex, ∂Γ 1234 /∂Λ, is illustrated in Fig.2 . At each stage of the flow, we decompose Γ in terms of eigen scattering modes (separately) in the pp and ph channels to find the negative leading eigenvalue (NLE) at each collective momentum q. The divergence of the most negative eigenvalue (MNE) at a scale Λ c signals an emerging order at a transition temperature T c ∼ Λ c , 21 with the internal microscopic structure described by the eigenfunction. The technical details can be found elsewhere, 5, [11] [12] [13] [14] [15] and also in the self-contented SM.
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First, we consider an electron density n = 0.50. The Fermi level corresponds to the lowest horizontal line in Fig.1(a) . The Fermi pockets concentrate on G and K points, see the inset of Fig.3(a) . The main panel shows the FRG flow of the MNE's S pp,ph in the pp and ph channels for U = 1.7 eV, J H = 0.4U and V = 0. The arrows snapshot the collective momentum Q associated with the MNE in the ph channel. From the eigenfunction we find the MNE scattering mode is local in real space and spin-like, with moment along z. (The anisotropy in the spin moment is caused by the large atomic SOC.) Therefore, the system develops strong small-momentum spin fluctuations at low energy scales, and this can be ascribed to the scattering between the G and K pockets, separated by the vHS. However, S ph saturates eventually because the Fermi level is not exactly at the vHS so that the phase space diminishes for low-energy ph excitations at a particular momentum. On the other hand, the MNE in the pp channel is initially weak, and is enhanced along with the ph channel. In the final stage, the pp channel diverges on its own at Λ c = 1.16 × 10 −3 eV, implying SC order. We find the pairing function (given by the eigenfunction of the MNE scattering mode) is two-fold degenerate, φ(k) ∼ iτ 2 s 3 (σ 1 ± iσ 2 )iσ 2 (up to a global scale), where s 3 is the Pauli matrix in the sublattice basis. This describes local orbital-singlet (via iτ 2 ) and equal-spin triplet pairing, with a sign change on the two sublattices (via s 3 ). Since both τ 2 and s 3 transform as f -wave under rotation (about the center of a holo hexagon) in the 2d model, the entire pairing function transforms as p x ± ip y under combined rotations of spin, orbital and lattice. The obtained pairing function is similar to that in Ref.
10 where the Fermi level is far below the vHS, suggesting the robustness of this type of pairing symmetry. Indeed, similar results are obtained for n = 0.61, corresponding to the top line in Fig.1(a) , with U = 1.6 eV, J H = 0.4U and V = 0, although the Fermi level is slightly above the vHS and the Fermi pockets now concentrate on the M points, see the inset in Fig.3(b) . Figure 4 (a) shows the divergence scale Λ c increases quasi exponentially as a function of J H , for U = 1.7 eV. The ordered state is p-wave SC (open circles) at lower values of J H , and the SDW state (open squares) if J H is increased further. We should point out that in the Hatree-Fock mean field theory 10 the SC state requires J H ≥ U/3, but this is not necessary in our FRG since the the pp and ph channels are naturally intertwined, although a larger J H does help SC before the SDW order sets in. On the other hand, the results at V = 0 (blue lines) and V = 0.3 eV (red lines) show that a small nearest-neighbor Coulomb interaction can enhance Λ c in both phases. Fig.4(b) is a schematic phase diagram in the (U, n) parameter space, with J H /U = 0.4 and V = 0. We see p-wave SC is favored for all lower values of U . In particular, it exists right at the type-II vHS (where n = 0.55), while it would be unfavorable in the case of a type-I vHS. We find the critical scale Λ c for SC increases with increasing U , and is of the order of 0.1 ∼ 1 meV near the phase boundary. This indicates, unfortunately, that the SC T c in BiH may not be high.
IV. TOPOLOGY IN THE SPIN-POLARIZED CHIRAL p-WAVE SC STATE
The FRG-derived pairing function describes equal-spin pairing, and is fully polarized in each of φ(k) = iτ 2 (σ 1 ± iσ 2 )iσ 2 . Here we discuss the spin-up pairing, φ(k) = iτ 2 s 3 (σ 1 + iσ 2 )iσ 2 → iτ 2 s 3 ↑↑. Since H 0 is spin-diagonal, we solve the Bogoliubov-de Gennes (BdG) Hamiltonian in the spin-up sector,
where k is the the normal state dispersion (a 4×4 matrix in the orbital-sublattice basis) obtained from H 0 , and ∆ k = i∆ 0 τ 2 s 3 , with a gap amplitude ∆ 0 . Note that by fixing the spin, h BdG (k) is not invariant under timereversal (TR) because of the τ 2 -term in H 0 . The above BdG Hamiltonian results in eight non-degenerate bands.
To gain insight into the SC state, we calculate the Chern number C on each BdG band,
where the integration is over the Brillouin zone, and A (n) k is the Berry connection on the n-th band,
where |kn is a BdG eigenstate, forming a smooth fibre bundle on the momentum manifold. The result is indicated on each band in Fig.5(a) . Interestingly, C = 0 for the two BdG bands near the Fermi energy (red), and high numbers are found for the other bands. However, the total Chern number is ±1 below/above the Fermi energy, showing the chiral SC state is still topologically nontrivial. Counting from the band bottom up to the Fermi level, we expect one chiral edge mode near the Fermi energy (apart from other edge modes more distant to the Fermi level). We argue that this mode, denoted as E 1 , must cross the Fermi energy. On one hand, we may take the BdG bands as artificial ones for conventional fermions. We can increase the artificial chemical potential further into the conduction bands. Since the lowest conduction band is trivial, no further edge modes occur until the conduction band with C = −4 is reached. On the other hand, by ph symmetry of the BdG hamiltonian, E 1 must enter the conduction band in energy. Taken together, E 1 must cross the Fermi energy. This is verified in Fig.5(b) , showing the edge spectral function A(k || , E), related to the electron part of the retarded Green's function, on a zigzag edge. Here k || is the edge momentum and E the energy. We clearly see in-gap states. There are two ripples in the edge dispersion, which move along the arrows (even to the opposite side of the Fermi level) if ∆ 0 is reduced, but this does not change the net chirality on the edge-state dispersion. We also find in-gap states on an arm-chair edge (not shown). Taken together, we find the spin-polarized state is a strong topological superconductor. The in-gap edge states are Majorana in nature, in view of the equal-spin pairing.
V. HELICAL p-WAVE SC
The two types of pairing in φ(k) = iτ 2 s 3 (σ 1 ± iσ 2 )iσ 2 , or in simpler terms, iτ 2 s 3 (↑↑, ↓↓), are block diagonal in the spin basis. Since H 0 is also spin-diagonal, the two spin-sectors are decoupled even in the SC state. It is interesting to ask how a TR-invariant helical SC could arise. We observe that the combination ↑↑ +e iθ ↓↓= e iθ/2 (↑↑ e −iθ/2 + ↓↓ e iθ/2 ) is helical for any phase difference θ, up to a global phase factor e iθ/2 that can be absorbed by a trivial U(1) gauge transform. We need a mechanism to have equal amplitude of pairing in the above form, and we ask whether the relative phase angle could be arbitrary.
Since BiH is not mirror-symmetric about the central plane, Rashba SOC exits in principle. We model this effect as
where r is the Rashba parameter, and b = (b x , b y , 0) denotes a first-neighbor bond. This term breaks inversion symmetry in the effective 2d model, and could mix up the chiralities. We combine H SOC and H 0 and re-perform SM-FRG. However, we find that the Rashba term, up to r = 0.08 eV, does not break the degeneracy between the two equal-spin pairing functions. Since the applied FRG only addresses the normal state instability, it does not know whether the two degenerate spin sectors would recombine in the ordered state. For the latter purpose, we need a mean field theory
where ∆ σ is the uniform order parameter in the spin-σ sector, determined self-consistently by
where V may be taken as the 2PI part of the FRG-derived pair interaction, 22 N is the number of unitcells, and k runs in the reduced Brillouine zone. The mean field calculation at the temperature T = 10 −5 eV shows that with a finite Rashba coupling, say r = 0.03 eV, the order parameters converge to the configuration
where n depends on the initial condition. Therefore, the helical SC state exists deep in the ordered state. The relative phase θ is not unique, but is also not arbitrary.
There is a discrete six-fold degeneracy in the helical states. This actually explains why FRG does not see the helical combination of the two equal-spin pairings (for small r), as follows. By the six-fold degeneracy and the symmetry of the system, we can cook up a Landau free energy in the form
The above helical states are favored by β < 0 and γ < 0, but the γ-term is a 12-th order term and should play no role in locking up the phase between ∆ ↑ and ∆ ↓ near the transition temperature. It is also interesting to ask whether a particular helical state is stable in a nonuniform state, such as in the vortex state, where phase winding is enforced by the magnetic field. To answer this question, we need to rewrite the mean field Hamiltonian in the real space,
where A is the vector potential, and s i = ±1 on A/B sublattice, taking the role of s 3 in the pairing function. The order parameter is now determined by
We performed mean field calculation of the vortex lattice.
In Fig.6 we show the geometric mean ∆ i = σ |∆ iσ | 2 (colored spots) and the phase winding (arrows) of the components ∆ i↑ (blue) and ∆ i↓ (red) on the lattice. (We have tuned the pair interaction V for the illustration of the vortex lattice as shown.) Depending on the intial condition, the solution converges at ∆ i↓ = ∆ i↑ e inπ/3 , with n = 1 in Fig.6 , everywhere on the vortex lattice, showing the local robustness of the helical SC against the perturbation of the magnetic field.
VI. SUMMARY
To conclude, we find triplet p-wave pairing is very likely in BiH. By atomic SOC, the p-wave pairing is between equal-spin electrons, and is chiral and two-fold degenerate. The in-gap edge states arise unusually since the BdG bands near the Fermi energy are topologically trivial. The Rashba SOC drives the chiral p-wave into helical p-wave only deep in the ordered state. The helical p-wave is six-fold degenerate. The relative phase angle in a helical state is shown to be stable in the vortex state.
In real materials, there may be domain walls separating helical states with different internal phase angles between the two order parameters. The consequence of such domain walls, and in particular the corner to three or more domain walls, is an interesting topic to be explored further.
